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RESUMEN 
En este artículo definimos medidas simples de dos propiedades que las 
funciones de elección social pueden incorporar en grados diferentes en 
problemas de provisión de bienes públicos. Primero se propone una medida 
de solidaridad de tal forma que la propiedad de “monotonía de 
reemplazamiento” de Thomson (1990) es un caso particular en el cual se 
requiere la cantidad total de solidaridad. Seguidamente introducimos una 
medida del grado de flexibilidad de una función de elección social y 
probamos que existe una relación de arbitraje entre ambas propiedades en 
el sentido de Campbell y Kelly (1993). Más solidaridad solo puede ser 
conseguida a cambio de menos flexibilidad de la regla de decisión. Cuando 
nos restringimos a la familia de métodos de votación denominada 
“soluciones del ganador de Condorcet generalizado”, introducidas por Moulin 
(1980), podemos encontrar el arbitraje exacto y podemos encontrar 
fácilmente los grados de cumplimiento de ambas propiedades, lo que viene 
a ser una generalización de la idea de ''mayoría cualificada''. 
Palabras clave: preferencias unimodales, solidaridad, dominancia en 
bienestar bajo reposicionamiento de preferencias. 
 
ABSTRACT 
In this paper, we define simple measures of two properties that social 
choice functions may embody in different degrees in public goods 
environments. First, a measure of solidarity is proposed such that 
Thomson's (1990) replacement monotonicity property is a particular case in 
which the full amount of solidarity is required. Secondly, we introduce a 
measure of the degree of flexibility of a social choice function and prove 
that a trade-off in Campbell and Kelly's (1993) sense exists between both 
properties. More solidarity can only be achieved in exchange of less 
flexibility of the decision rule. When we restrict ourselves to the family of 
voting schemes called generalized Condorcet winner solutions, introduced 
by Moulin (1980), we find the exact trade-off and we can easily find the 
degrees of fulfillment of both properties, which amount to some 
generalization of the idea of ''qualified majority''. 
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1Abstract
In this paper, we deﬁne simple measures of two properties that social
choice functions may embody in diﬀerent degrees in public goods environ-
ments. First, a measure of solidarity is proposed such that Thomson’s [8] re-
placement monotonicity property is a particular case in which the full amount
of solidarity is required. Secondly, we introduce a measure of the degree of
ﬂexibility of a social choice function and prove that a trade-oﬀ in Campbell
and Kelly’s [2] sense exists between both properties. More solidarity can only
be achieved in exchange of less ﬂexibility of the decision rule. When we re-
strict ourselves to the family of voting schemes called generalized Condorcet
winner solutions, introduced by Moulin [4], we ﬁnd the exact trade-oﬀ and
we can easily ﬁnd the degrees of fulﬁllment of both properties, which amount
to some generalization of the idea of ”qualiﬁed majority”.
Resumen
En este art´ iculo deﬁnimos medidas simples de dos propiedades que las
funciones de elecci´ on social pueden incorporar en grados diferentes en prob-
lemas de provisi´ on de bienes p´ ublicos. Primero se propone una medida de
solidaridad de tal forma que la propiedad de monoton´ ia de reemplazamiento
de Thomson [8] es un caso particular en el cual se requiere la cantidad total
de solidaridad. Seguidamente introducimos una medida del grado de ﬂexi-
bilidad de una funci´ on de elecci´ on social y probamos que existe una relaci´ on
de arbitraje entre ambas propiedades en el sentido de Campbell y Kelly [2].
M´ as solidaridad solo puede ser conseguida a cambio de menos ﬂexibilidad
de la regla de decisi´ on. Cuando nos restringimos a la familia de m´ etodos de
votaci´ on denominada soluciones del ganador de Condorcet generalizado,i n -
troducidas por Moulin [4], podemos encontrar el arbitraje exacto y podemos
encontrar f´ acilmente los grados de cumplimiento de ambas propiedades, lo
que viene a ser una generalizaci´ on de la idea de ”mayor´ ia cualiﬁcada”.
Keywords: Solidarity, Rigidity, trade-oﬀ theory, replacement monotonic-
ity, median voter theorem.
JEL classiﬁcation numbers:D 7 1 ,C 7 2 .
21I n t r o d u c t i o n
Campbell and Kelly [2] proposed a research program in Social Choice Theory
that consists on exploring the exact nature of the conﬂicts between proper-
ties that cannot be fulﬁlled together in a particular problem. They started
deﬁning some reasonable ”measures” of the degree of fulﬁllment of each prop-
erty and found out ”how much” of a property has to be given up in order to
achieve a given increase of the degree of fulﬁllment of other property. This
research program goes beyond the impossibility results frequently obtained
in Social Choice theory to assess the social planner providing information
about what is possible to achieve with each method and therefore clarify
the problem to choose the method to choose alternatives. Quantifying the
degree of fulﬁllment of properties that society deem as important is even
more relevant when we know that a complete fulﬁllment of two properties is
not feasible -an impossibility result-, but since diﬀerent measures of the same
property can be provided, the results could be very diﬀerent and choosing a
measure becomes a controversial issue. Anyway, we cannot skip the problem
of giving some information about the marginal rate of substitution between
two properties, since the diﬀerent sensitivity of society between them should
determine the method to choose in a particular problem. Campbell and Kelly
[2] used Arrow’s Impossibility Theorem to ﬁnd the trade-oﬀ between the de-
gree of decentralization -non-dictatorship- of a Social Welfare function and
the degree of ﬂexibility to individual preferences as a measure for the Pareto
Principle (see Figure 1) when the complete fulﬁllment of both properties is
precluded by Arrow’s Impossibility Theorem (reprsented by the unfeasible
point depicted in Figure 1). This paper focuses on a diﬀerent important
conﬂict between the degree of solidarity and the degree of ﬂexibility of Social
Choice functions in a public good provision problem. Let us ﬁrst discuss
what we understand by solidarity. Thomson [8] introduced a general require-
ment of solidarity among agents who jointly face a problem of fair allocation
called the replacement principle. In general terms, the principle requires that
the consequences of changes in the parameters deﬁning a problem should af-
fect agents in the same welfare direction, with the exception of those whose
characteristics also change along with the parameters: all others must gain,
or all lose, relative to their situation before the change occurred.
[Insert Figure 1 about here]
The set of relevant parameters can vary from problem to problem. This
gives rise to diﬀerent axioms, each one embodying the general requirement
3of solidarity for a speciﬁc environment. Population monotonicity requires
that population growth should not improve the share of those who were ini-
tially part of society. Here, the relevant parameters are those describing
which agents belong to society at a given point in time. In contrast, resource
monotonicity requires that when the set of agents does not change, but the
overall amount of resources varies, then either all agents should lose, or all
gain. In this paper we focus on a third version of the general principle of soli-
darity, which applies when the change in parameters involves a change in the
preferences of some agent in society. If this entails a change in the allocation,
then all agents whose preferences did not change should be aﬀected in the
same direction: either all of them should gain, or all lose. This axiom was
ﬁrst introduced by Moulin [6] under the name of replacement domination.
I th a sa l s ob e e nr e f e r r e dt oa sreplacement monotonicity or welfare domina-
tion under preference replacement (WDUPR). Its consequences have been
widely explored both for economies with private and public goods -Thomson
[13], [14], [9] and [15]-.
When the problem faced by society is that of deciding the amount of a
pure public good to be provided, and the set of alternatives is an interval in
the real line, Thomson [9] has proven that, if the preferences of agents are
single-peaked, the only eﬃcient social choice functions satisfying WDUPR
are those in a narrow subclass within the family of Generalized Condorcet
winner solutions deﬁned by Moulin [4]. This subclass is characterized by a
status quo in the interval, which will prevail as the outcome as long as some
agent’s ideal is above the status quo value in the interval, and some other
agent is below it. The outcome only departs from the status quo when all
agents unanimously agree that a lower level is desirable, or conversely all
prefer a higher level. In these cases, the social outcome is the ideal of that
agent whose peak is closest to the status quo. Hence, full satisfaction of the
solidarity principle as expressed through the WDUPRaxiom is obtained at
the cost of only admitting very rigid rules, which are barely responsive to
the preferences. We shall introduce a deﬁnition of ﬂexibility of social choice
functions by means of the converse property of ”rigidity” to be applied in
the public good problem.
Rather than insisting in an absolute trade-oﬀ between solidarity and ﬂex-
ibility, I develop some measures of thed e g r e eo fc o m p l i a n c eo fe a c ho n eo f
these desirable features, and then we prove the existence of the trade-oﬀ.
Furthermore, a complete answer about the trade-oﬀ is provided in the case
of the Generalized Condorcet winner solutions, and we shall ﬁnd the degrees
of fulﬁllment of both properties for each procedure in the class.
The article proceeds as follows: in Section 2, the basic model and the
deﬁnitions are established. Sections 3 and 4 are devoted to the deﬁnitions
4and results regarding solidarity and rigidity respectively. Section 5 deals
with results in the restricted environment of Voting Schemes belonging to
the family of Generalized Condorcet winner solutions and ﬁnally, we conclude
with some comments.
2T h e m o d e l
Consider a society composed by a ﬁxed ﬁnite set of agents or individuals
N = {1,...,n}, indexed by i, j,h and l. Society must choose the level of a
public good -or the location of a public utility- in the interval [0,M] ⊂ E
Every individual i ∈ N is endowed with a complete preference pre-
ordering Ri -or preference relation- over the set of alternatives. The set
of logically possible preferences is <. We denote by Pi and Ii the asymmetric
and symmetric parts of Ri, standing for the strict and indiﬀerence relations
associated with Ri.
The agents’ preferences relations are continuous and single-peaked.A
preference relation Ri on [0,M] is single-peaked if there exists a unique
number p(Ri) ∈ [0,M]s u c ht h a t∀x,y ∈ [0,M], if y<x≤ p(Ri)o r
p(Ri) ≤ x<y ,then, xPiy. The number p(Ri)i st h epeak of agent i0s
preferences and it is obviously the most preferred alternative of agent i.
An ordered list of preference relations for all the individuals is a preference
proﬁle a n dw i l lb ed e n o t e db yR =( Ri)i∈N =( R1,...,Rn). We will frequently
use the well-known notation: R =( Ri,R −i) ∀i ∈ N. When preferences are
single-peaked, the associated vector of peaks will be: p(R)=( p(Ri))i∈N ∈
[0,M]
n .
Now, we model the social objectives. A social choice function (SCF) f
is a function which associates a chosen alternative to every preference proﬁle
and will be denoted by f : <n → [0,M] .
We shall be interested in a special class of SCFs, called voting schemes,
which only use information about the agents’ peaks. Hence, a voting scheme






Deﬁnition 1 For each given R, x ∈ [0,M] is an eﬃcient alternative if
there is no x0 ∈ [0,M] with x0Rix ∀i ∈ N and x0Pix for some i ∈ N. Let
P(R) be the set of eﬃcient alternatives, given R.
AS C Ff is eﬃcient if it selects eﬃcient alternatives for each preference
proﬁle, i.e., ∀R ∈ <n,f (R) ∈ P(R).
Since preferences Ri are single-peaked for all i ∈ N,i ti se a s yt op r o v e
that f is eﬃcient whenever ∀R ∈ <n,
5f(R) ∈ P(R) = [min{p(Ri) | i ∈ N}, max{p(Ri) | i ∈ N}].
Deﬁnition 2 AS C Ff is anonymous if any permutation of the diﬀerent
values of its arguments yields the same alternative, i.e., if for all one-to-one
mappings σ : N → N, f(R1,...,Rn)=f(Rσ(1),...,Rσ(n)) ∀R ∈ <n.
This property assures that no information about the individuals’ names
is used in the decision rule.
Deﬁnition 3 AS C Ff satisﬁes the property of Welfare-domination un-
der preference-replacement (WDUPR)1 if
∀i ∈ N, ∀R ∈ <n, ∀R0
i ∈ <, then, either f(R)Rjf(R0
i,R −i) ∀j ∈ N\{i}
or f(R0
i,R −i)Rjf(R) ∀j ∈ N\{i} .
Any change in preferences of any individual move the welfare of the re-
maining agents in the same direction: either all of them (weakly) gain or all
of them (weakly) lose.
Deﬁnition 4 AS C Ff is a Generalized Condorcet Winner Solution-
(n−1) (GCWS(n−1)) if ∃α =( α1,...,αn−1) ∈ An−1, called phantom voters
or ﬁxed ballots such that for all R ∈ <n,
f(R)=m(p(R1),p(R2),...,p(Rn),α1,...,αn−1),w h e r em stands for the
median.2
Moulin [4] proved that when preferences are single-peaked on the interval
[0,M], the only anonymous, eﬃcient and strategy-proof voting schemes on
[0,M] are those belonging to the family GCWS(n − 1).
Deﬁnition 5 Suppose that n is odd. We call the Median Voter SCF to
f ∈ GCWS(n − 1) such that α1 = α2 = ... = α n−1
2 =0and αn−1
2 +1 = ... =
αn−1 = M. (i.e., the median of the agents’ revealed peaks).
The following deﬁnition describes a family of solutions which only diﬀer
by one parameter a ∈ [0,M] .This rule plays a central role in Thomson [9].
Basically, it chooses a when it is eﬃcient, and chooses the peak of the agent
who is closest to a, otherwise.
1This property has also been called replacement domination and replacement mono-
tonicity.
2The median is deﬁned as:
m(p(R1),p(R2),...,p(Rn),α1,α2,...,αn−1) ⇔
#{i | p(Ri) ≤ m} +#{i | αi ≤ m} ≥ n − 1a n d
#{i | p(Ri) ≥ m} +#{i | αi ≥ m} ≥ n − 1. Moreover, we assume that the phantom
voters are ordered such that α1 ≤ α2 ≤ ... ≤ αn−1.






ai f a ∈ P(R)
min{p(Ri) | i ∈ N} if a < min{p(Ri) | i ∈ N}
max{p(Ri) | i ∈ N} if a > max{p(Ri) | i ∈ N}
Let us de-
note by Φ the family of adjusted constant SCFs; namely Φ = {fa | a ∈ [0,M]}
and fa is adjusted constant to a.
Notice that all the SCFs within class Φ are anonymous and strategy-proof
voting schemes and all of them belong to the family GCWS(n−1) with the
n − 1 phantom voters located on the same point3
Thomson [9] proved that this subclass of the GCWS(n−1) family is the
set of eﬃcient SCFs satisfying WDUPR.
3 Solidarity
Now we proceed to develop a ﬁr s tw e a km e a s u r eo fs o l i d a r i t yb ym e a n so f
a partial ordering on the set of SCFs and we shall characterize the class of
SCFs that dominates any other in terms of solidarity and those that are
dominated by any other. In order to compare every pair of SCFs in terms of
s o l i d a r i t y ,w em u s tm a k es o m ev a l u ej u dgement and we propose a particular
measure of the solidarity degree of a SCF.
First, let us deﬁne two auxiliary functions which can be associated to
any SCF f. They will be useful in discussing milder requirements than the
solidarity axiom, but still in a similar spirit.
Deﬁnition 7 The improvers associated to SCF f , preference proﬁle R =
(R1,R 2,...,R n), changed preferences R0 and agent i is the function: If :
<n+1 × N → {0,1,...,n − 1} deﬁned as:
I
f(R1,R 2,...,Rn,R
0,i)=#{j ∈ N\{i} such that f(R−i,R
0
i)Rjf(R)}.
The improvers associated to some agents’ change from a given distribution
of peaks simply gives the number of agents who weakly gain with the change.
Deﬁnition 8 The losers associated to SCF f , preference proﬁle R =
(R1,R 2,...,R n), changed preferences R0 and agent i is the function: Lf :
<n+1 × N → {0,1,...,n − 1} deﬁned as:
L
f(R1,R 2,...,R n,R
0,i)=#{j ∈ N\{i} such that f(R)Rj f(R−i,R
0
i)}.
3That is, α1 = α2 = ... = αn−1 = a.
7Conversely, the losers associated to some agents’ change from a given
preference proﬁle is simply the number of agents who weakly lose with the
change.
Note that, for every social choice function f: ∀i ∈ N, ∀R ∈ <n, ∀R0 ∈ <,
it holds that If(R1,R 2,...,Rn,R 0,i)+Lf(R1,R 2,...,Rn,R 0,i)+1≤ 2n − 1.
We can now introduce a notion of the degree of solidarity associated to a
preference proﬁle and to the change in preferences of some agent embodied
in a given social choice function.
Deﬁnition 9 The solidarity degree associated to SCF f ,a g e n ti ,p r e f -
erence proﬁle R =( R1,R 2,...,Rn), when i’s preferences change to R0 is the
function: Sf : <n+1 × N → {0,1,...,n − 1} deﬁned as:
Sf(R1,R 2,...,R n,R 0,i)=
=s u p
©
If(R1,R 2,...,Rn,R 0,i),L f(R1,R 2,...,Rn,R 0,i)
ª
.
The solidarity degree associated to each preference proﬁle and any indi-
vidual preference change is the maximum number of individuals who move
together in the same welfare direction, as a result of that change. Following
Thomson’s general concept of solidarity, it seems natural to say that, given
a change in somebody’s preferences, a SCF with a greater solidarity degree
than any other will behave better in solidarity terms. The problem that may
arise when proposing a relaxation of the degree of solidarity is that a func-
tion might have a greater degree of solidarity than other for some proﬁle and
individual’s change but a smaller degree of solidarity for some other proﬁle
and agent’s preferences change, so in order to make solidarity judgements
among diﬀerent SCFs, society need to compare diﬀerent solidarity behav-
ior in diﬀerent situations. One possibility is to classify every SCF in terms
of solidarity using a pessimistic criterion: the minimum solidarity degree in
every circumstance can be the social utility level -or the aggregate measure
o fs o l i d a r i t y -a s s o c i a t e dt oaS C F ,s ot h a tw h e ns o c i e t ya g r e et ou s eaS C F
based in solidarity considerations follow a maximin rule on the solidarity de-
gree functions of the admissible SCFs. Let us deﬁne the solidarity degree of
aS C F :
Deﬁnition 10 We call solidarity degree associated to social choice func-
tion f and denote as SDf to the following number:
SD









The solidarity degree is the minimum number of individuals who move
together in the same welfare direction when considering any possible con-
ﬁguration of peaks and any individual’s change, so it only depends on the
8speciﬁc SCF, and each one will have associated just one solidarity degree.
Note that every SCF in class Φ has the maximum possible solidarity degree,
i.e., SDfa = n − 1 ∀fa ∈ Φ.
Nevertheless, we should recognize that there is no strong reason for such
a pessimistic social preferences over SCFs. The only thing we can say about
social preferences on solidarity is that if a SCF has a higher degree of solidar-
ity than other -and strictly higher in some case- for every preference proﬁle
and individual change, the former will be unambiguously socially preferred
to the latter when considering solidarity alone. Exploiting this dominance
relation over SCFs in terms of solidarity, we can deﬁne the following:
Deﬁnition 11 We say that SCF f is dominated in terms of solidarity















A SCF that is not dominated in terms of solidarity by those belonging to
some class is said to be undominated within that class.
Notice that the domination relation established above is incomplete and
may generate cycles. Since we additionally impose the condition f(R) 6=
f(R0
i,R −i)i nt h ea b o v ed e ﬁnition, it is possible that a SCF both dominates
and is dominated by another. Restricting attention to eﬃcient SCFs4,t h e r e
a r eam a x i m a ls e to fS C F sf r o mt h ea b o v ed o m i n a n c er e l a t i o n ,i . e . ,as e to f
functions that are not dominated by any other.
Theorem 1 (Thomson, [9])
The only eﬃcient SCFs that are undominated in terms of solidarity among
all eﬃcient social choice functions are the members of class Φ.
Actually, Theorem 1 above is a straightforward reformulation of Thom-
son’s original result. Thomson proved that in this context, the only eﬃcient
SCFs such that WDUPR holds are those belonging to class Φ. However,
notice that, as we said above, it amounts exactly to showing that the only
4We are implicitly assuming that eﬃciency is actually an essential admissibility require-
ment.
9eﬃcient SCFs f with SDf = n − 1 are those in class Φ. But any SCF ex-
hibiting the highest solidarity degree has to be the only undominated SCFs
among all the eﬃcient SCFs.
The problem with the SCFs within class Φ is that they amount exactly
to ﬁxa na l t e r n a t i v ea sastatus quo that will only be changed with strict
unanimity of all members of the committee, so the absolute solidarity is
achieved at the price of high decisional rigidity,w h i c hc a nb ec o n s i d e r e da s
an additional fairness criterion and society will actually care about it.
We can now state the main results in the paper: Theorems 2, 3 and 4
motivate the paper and prove the existence of a trade-oﬀ between higher de-
grees of solidarity and low responsiveness -high rigidity- of SCFs. Moreover,
the greatest degree of solidarity -Thomson’s WDUPR- is associated to the
least responsive SCFs -class Φ- and the smallest possible solidarity level can
only be satisﬁed by a much less rigid SCF in this context: the Median Voter
SCF. The results lead us to focus in a broader class of voting schemes that
include class Φ as well as the Median Voter SCF: the Generalized Condorcet
winner solutions. The solidarity degree is then used to classify every SCF
within this large class in Theorem 4, ranging from the one with the least sol-
idarity degree -the median- to that with the highest solidarity degree -class
Φ-. Moreover, a direct trade-oﬀ is proved between the solidarity degree and
the rigidity degree within that class.
Now, we prove our ﬁrst characterization theorem, which can be viewed as
a parallel to Thomson’s [9] Theorem 3.6 in the opposite side of the solidarity
spectrum:
Theorem 2 Suppose that n>3 is odd. The only eﬃcient SCF that is
dominated in terms of solidarity by all eﬃc i e n tS C F si st h eM e d i a nV o t e r
SCF.
Proof. Necessity: Let us consider some SCF f, any preference proﬁle
R ∈ <n and suppose that some agent, say i, change his preferences to R0 ∈ <
and the change shifts the social decision (f(R) 6= f(R0
i,R −i)); the smallest
possible solidarity degree for the SCF facing such a change when n is odd
is obviously Sf(R1,...,Rn,R 0,i)=n−1
2 , so if there would exist some set C of






whenever f(R) 6= f(R
0
i,R −i)( 1 )
they will obviously be dominated in terms of solidarity by any other SCF
not belonging to class C. W ew i l ls h o wt h a tt h eS C Ff such that ∀R ∈
<n,f (R)=m{p(R1),...,p(Rn)} is precisely the only eﬃcient SCF in which
10(1) holds, so it is dominated by any other. Suppose any R ∈ <n and any
eﬃcient SCF g such that (1) holds. Consider any preference proﬁle R =
(R1,R2,...,Rn) such that the following holds: ∀i ∈ N such that p(Ri)=
m{p(R1),...,p(Rn)}, Ri = Ri and ∀i ∈ N such that
p(Ri) 6= m{p(R1),...,p(Rn)}, Ri is any preference relation such that
p(Ri)=m{p(R1),...,p(Rn)}, so that the following holds: p(R1)=... =
p(Ri)=... = p(Rn)=m{p(R1),...,p(Rn)}. By eﬃciency of g,i tm u s t
be that g(R)=m{p(R1),...,p(Rn)}. If R = R, we are done. If R 6= R,
∃j ∈ N whose preferences in proﬁle R have not the same peak of those
in proﬁle R. Let us take all these individuals and suppose w.l.g. that
at least one of them is such that p(Rj) <p (Ri) ∀i ∈ N -if more than
one, take any of them-, and consider the proﬁle (Rj,R−j). Notice that it
must be that g(Rj,R−j)=g(R)=m{p(R1),...,p(Rn)}, since if not, the
n − 1 agents whose peaks lie on g(R)i np r o ﬁle (Rj,R−j) would lose and
therefore ∃j ∈ N, ∃Rj ∈ <, ∃R ∈ < with g(R) 6= g(Rj,R−j) such that
Sg(R1,...,Rn,R 0,j)=n − 1 > n−1
2 . Now, consider proﬁle (Rj,R−j). If
(Rj,R−j)=R, we are done. If not, two possibilities can occur: Case
1. ∀h ∈ N, p(Rh) ≤ m{p(R1),...,p(Rn)}. In this case, we can itera-
tively change the preferences of all agents whose preferences in proﬁle R
do not have the same peaks as those in proﬁle R and the social choice cannot
change, since m{p(R1),...,p(Rn)} coincides with the greatest peak in proﬁle
R, so at least
n − 1
2
+ 1 individuals have their peaks in proﬁle R located
in m{p(R1),...,p(Rn)}. Finally, we will construct proﬁle R from R and the
social choice remains the median of the peaks in R, so we are done. Case
2. ∃h ∈ N − {j} such that p(Rh) >p (Ri) ∀i ∈ N − {j} -if more than one,
take any of them-. Take that individual and notice that it has to be true
that g(Rj,R h,R−j−h)=g(Rj,R−j)=g(R)=m{p(R1),...,p(Rn)}, since if
not, if g(Rj,R h,R−j−h) <g (Rj,R−j),S g(Rj,R−j,R h,h) ≥ n − 2 >
n − 1
2
when n>3a n di fg(Rj,R−j) <g (Rj,R h,R−j−h),S g(Rj,R−j,R h,h)=
n − 1 >
n − 1
2
. Now, let us focus on proﬁle (Rj,R h,R−j−h) and consider
any agent l ∈ N − {j,h} such that p(Rl) 6= p(Rl). Again, two possi-
bilities can occur: Case1. There does not exist such an agent. In this
case, (Rj,R h,R−j−h)=R by construction of proﬁle R from proﬁle R, and
therefore, we have shown that m{p(R1),...,p(Rn)} = g(R)=g(Rj,R−j)=
g(Rj,R h,R−j−h)=g(R)a n dw ea r ed o n e .Case 2. ∃l ∈ N−{j,h} such that
p(Rl) 6= p(Rl). In this case, consider agent’s l change from his preferences
Rl in proﬁle (Rj,R h,R−j−h) to preferences Rl. if g(Rj,R h,R l,R−j−h−l) 6=







11by construction of proﬁle R, it always holds for any individual change from


















= ... = m{p(R)} , since, by def-
inition of the median, it holds that ∀S ⊆ {i ∈ N | p(Ri) <m{p(R)}} and
∀T ⊆ {i ∈ N | p(Ri) >m{p(R)}}

















because the number of sure losers with l’s change (the number
of agents whose peaks in proﬁle (Rj,R h,R−j−h)a r eo nm{p(R)} or on the
left of m{p(R)} if g(Rj,R h,R l,R−j−h−l) >g (Rj,R h,R−j−h)o rt h en u m be ro f
a g e n t sw h o s ep e a k si nt h es a m ep r o ﬁle are on the right of m{p(R)} or exactly
in that median if g(Rj,R h,R l,R−j−h−l) <g (Rj,R h,R−j−h)) cannot in any
case be smaller than
n +1
2
. By construction of proﬁle R, we can reach proﬁle
R by sequentially changing the preferences in proﬁle R of one individual
from the set S or T to his preferences in proﬁle R until exhausting them.
When we move the last agent, and get a proﬁle such that #S =# T = ∅ we
get proﬁle R. Since in no such change the social choice can ever shift from
m{p(R)}, we get that necessarily, it must be that g(R)=m{p(R)} and we
can replicate the same argument for every R ∈ <n, so the only eﬃcient SCF
with minimum solidarity degree is such that ∀R ∈ <n,g (R)=m{p(R)},
i.e., the Median Voter SCF, which can also be written as the member of the
class GCWS(n−1) that allocates half of the phantom voters at each extreme
of the interval -when n is odd-.
Suﬃciency: Let us consider the SCF such that g(R)=m{p(R)} for
any proﬁle R and notice that for any individual i ∈ N such that p(Ri) ≤
m{p(R)}, w.l.g, for all R0
i such that p(R0
i) ≤ m{p(R)}, it holds that
g(R)=g(R0
i,R −i), since the median cannot change. The only possible shift
in the social choice comes from individual changes that jump over the me-
dian, i.e., R0
i is such that p(R0
i) >m{p(R)} and just one individual diﬀerent
from i in proﬁle R has the peak chosen by the median. In this case, the
12median shifts to the next peak on the right of the initial choice among the
peaks in the vector p(R0
i,R −i), so that
n − 1
2
agents - those on the left of
m{p(R)} included the agent whose peak coincide with m{p(R)} -with the
exception of i- lose for sure and
n − 1
2
agents -those strictly on the right of
m{p(R)}- gain for sure. A symmetric argument is used in the case that the
individual who changes his preferences -say i- has an initial peak on the right
of the median: p(Ri) ≥ m{p(R)}.
Whenever n>3 is odd, Theorem 2 characterizes the only SCF which
embodies the least solidarity in Thomson’s sense, which also has the least
solidarity degree. It is not actually needed to characterize the SCFs for every
n -the cases with just three agents or when the median is not deﬁned-, since
the logic of the proof makes the SCFs to approach the median. Notice that
we come back to the Voting Schemes in the GCWS(n−1) family, so the only
eﬃcient SCF with the smallest solidarity degree is additionally an anonymous
and strategy-proof SCF, which is a generalization of simple majority voting
for a unidimensional set of alternatives. Furthermore, Theorem 2 suggests
a new conjecture within voting schemes in the family of GCWS(n − 1): if
the minimum solidarity degree of the unanimity rules -members of class Φ-
equals n − 1- Theorem 1- and the minimum solidarity degree of the simple




Theorem 2-, is it true that the minimum solidarity degree of a qualiﬁed
majority voting rule amounts to be the required majority minus one?. It is
easy to check that this conjecture is true. A qualiﬁed majority voting rule in
this context can be described as resulting from an accumulation of phantom
voters on the same point, when half of the remaining phantom voters are
located in each of the extremes of the interval. The solidarity degree for any
one of these SCFs equals the number of phantom voters in the accumulation
point minus one -the required qualiﬁed majority-. This is not a surprising
result, since a change in the rule due to any individual change in preferences
can only take place when almost all the qualiﬁed majority of voters prefer
other alternative to the status quo, for example, and a qualiﬁed majority
implies that any change in the status quo should be supported by, at least,
the required majority of voters, which will always gain with the change. Note,
however, that these qualiﬁed majority voting rules do not exhaust the whole
class of the GCWS(n−1) family, since others which would be associated with
a more disperse distribution of phantom voters could not be easily interpreted
as a qualiﬁed majority to defeat a given status quo. Therefore, we know that
the whole range of solidarity degrees are represented by some -eﬃcient- SCF
13in the class of GCWS(n−1), and the larger and smaller minimum solidarity
degrees can only be found in that family.
4 Rigidity
Now we clarify what we understand by rigidity or relative ﬂexibility of a SCF.
We follow a similar approach to that used when deﬁning solidarity, although
given the spatial nature of our allocation problem, our notion of rigidity is
speciﬁc of this lind of problems. We need some more deﬁnitions:
Deﬁnition 12 The Left coalition associated to SCF f and preference pro-
ﬁle R =( R1,R 2,...,R n), is the function: Ff : <n → {1,2,...,n} deﬁned as:
∀R ∈ <n,
F




S ⊆ N such that ∃R0 ∈ < such that
f(R0) <f(R)&f(R0)P0
if(R) ∀i ∈ S
¾
.
Hence, this functions gives for each proﬁle the minimum number of in-
d i v i d u a l st h a th a v et op r e f e ras h i f to ft h es o c i a ld e c i s i o nt ot h el e f tt ob e
implemented. Notice that whenever f(R)=0 ,F f(R)=#{∅} =0 .
Deﬁnition 13 The Right coalition associated to SCF f and preference
proﬁle R =( R1,R 2,...,Rn), is the function: Gf : <n → {1,2,...,n}, deﬁned
as: ∀R ∈ <n,
G




S ⊆ N such that ∃R0 ∈ < such that
f(R0) >f(R)&f(R0)P0
if(R) ∀i ∈ S
¾
.
Again, this functions gives for each proﬁle the minimum number of indi-
viduals that have to prefer a shift of the social decision to the right to take
place. Notice that for all R ∈ <n such that f(R)=M, Gf(R)=#{∅} =0 .
Deﬁnition 14 We call rigidity degree associated to SCF f and proﬁle









The rigidity degree associated to a given proﬁle is given by the greatest
between the left and the right coalition for that proﬁle. Since a SCF can
show an asymmetric rigidity dependingo nt h ed i r e c t i o no ft h em o v e- m o r e
propensity to shift to the left, or in other words, less supporters required for
a change to the left, for example- we opt by taking the largest of them as a
14measure of rigidity given a proﬁle. However, other rules of determining the
degree of rigidity may be plausible, depending on the feelings of society and
the choice of one or another is somehow arbitrary in essence. The rigidity
degree is also a way to generalize the concept of qualiﬁed majority in two-
issues voting procedures to the more general public goods economies.
Deﬁnition 15 We call rigidity degree associated to SCF f and denote as
RDf to the following number:
RD
f =i n f
©
R
f(R1,...,Rn) | R ∈ <
nª
.
Again, like in the case of the solidarity degree of a SCF, a pessimistic
criterion is proposed to get a single measure in terms of utility.
Now, we are in the conditions of deﬁning a dominance relation based on
our measure of rigidity for a proﬁle.
Deﬁnition 16 We say that SCF g is dominated in terms of rigidity








A class of SCFs is undominated in terms of rigidity within a broader class if
they are not dominated by any SCF within that broader class.
The above dominance relation unambiguously compare diﬀerent SCFs
in terms of rigidity provided that society accepts the rigidity degree as a
plausible measure of the rigidity of a SCF for any proﬁle. Like in the case of
solidarity, the above dominance relation is incomplete, but unlike the former,
this one is transitive and cannot generate cycles. Now, a maximal class can
be characterized among the eﬃcient SCFs in terms of rigidity.
Theorem 3 The only eﬃcient SCFs that are undominated in terms of rigid-
i t yb ya n yo t h e re ﬃcient SCF are the members of class Φ.
Proof. It is easy to check that ∀f ∈ Φ,R D f = n,s of ∈ Φ cannot
be dominated by any other SCF. To show that they are the only eﬃcient
SCFs such that RDf = n, let us assume that f is an eﬃcient SCF such that
RDf = n. (1). Choose any x ∈ [0,M] and take any arbitrary R ∈ <n such
that p(Ri)=p(Rj)=x ∀i,j ∈ N. Let us call R(x)a n ys u c hp r o ﬁle. Since
15f is eﬃcient, f(R)=x. First, we must note that for any two proﬁles R and
R0 such that p(Ri)=p(Rj)=p(R0
i)=p(R0
j)=x ∀i,j ∈ N, Gf(R)=n ⇒
Gf(R0)=n and Ff(R)=n ⇒ Ff(R0)=n.
Now, let us suppose, w.l.g. that Rf(R)=Gf(R); let us move sequentially
the preferences of the agents to any others R1,R2,...,Rn such that p(Ri)=
p(Rj) >x∀i,j ∈ N. Then, by (1), only when the sequence ﬁnish, for
proﬁle R, f(R)c a nb ed i ﬀerent from x, and by eﬃciency again we know
that f(R)=p(Ri)=p(Rj) >x∀i,j ∈ N. Moreover, by construction,
Rf(R)=Gf(R), so ﬁx an arbitrary agent j ∈ N and move sequentially
any others’ preferences to any others such that p(b Ri) ≥ f(R) ∀i 6= j. By
(1), for any such proﬁle, f(Rj, b R−j)=f(R)=m i n
n
p(Rj),p (b Ri) ∀i 6= j
o
.
Hence, we have proved that ∀x ∈ [0,M]s u c ht h a tRf(R(x)) = Gf(R(x)),
x0 >x⇒ Rf(R(x0)) = Gf(R(x0)) and ∀e R ∈ <n such that pi(e Ri) >x∀i ∈ N,
f(e R)=m i n
n
p(b Ri) ∀i ∈ N
o
. (2). A symmetric argument gives us that ∀x ∈
[0,M]s u c ht h a tRf(R(x)) = Ff(R(x)),x 0 <x⇒ Rf(R(x0)) = Ff(R(x0))
and ∀e R ∈ <n such that p(e Ri) <x ,f (e R)=m a x
n
p(b Ri) ∀i ∈ N
o
. (3). Now
we deﬁne the sets:
x− =
©





x ∈ [0,M] | Rf(R(x)) = Gf(R(x))
ª
. It is clear by (2) and (3)
that x− ∩ x+ has to be a singleton. Suppose not: ∃x,x0 ∈ x− ∩ x+, with
x<x 0 w.l.g. Then, ∃R ∈ <n with x<p (R1) <p (R2) <. . .<p (Rn) <x 0
such that both f(R)=p(R1) by (2) and f(R)=p(Rn)b y( 3 ) ,ac o n -
tradiction. Hence, ∃b x ∈ [0,M] (unique) such that ∀R ∈ Rn such that
p(Ri) > b x ∀i ∈ N ⇒ f(R)=m a x {p(Ri) ∀i ∈ N} and p(Ri) < b x ∀i ∈
N ⇒ f(R)=m i n{p(Ri) ∀i ∈ N}. T oc o n c l u d et h ep r o o f ,w eh a v et os h o w
that for any other proﬁle, the social choice is actually b x, i.e., ∀R0 ∈ Rn such
that ∃i,j ∈ N such that p(R0
i) > b x and p(R0
j) < b x ⇒ f(R0)=b x. Take
any proﬁle R(b x) and change agent i0s preferences from Ri(b x)t oR0
i. Since
b x = x− ∩ x+, (1) implies that f(R
0
i,R −i(b x)) = f(R(b x)) = b x. Now change
agent j0s preferences in proﬁle (R
0
i,R −i(b x)) to R0





jR−i−j(b x)) = f(R
0
i,R −i(b x)) = f(R(b x)) = b x. Now, move
sequentially any other agent preferences (for h 6= i,j)t oR0
h,a n db y( 1 )
again, it has to be that f(R0)=f(R(b x)) = b x, so necessarily f ∈ Φ.












16Proof. Easy to check. Moreover, the proposition is an straightforward
corollary of Theorem 3.
Corollary 1 If n>3 is odd, the Median Voter SCF is dominated by any
SCF f ∈ Φ in terms of rigidity.
The above corollary is straightforward from Proposition 1 and the deﬁ-
nition of dominance in terms of rigidity.
Hence, the only eﬃcient SCFs that are undominated in terms of both
solidarity and rigidity are the members of class Φ. Moreover, the only eﬃcient
SCF that performs the worst in terms of solidarity -the Median Voter SCF-
possess an acceptable rigidity degree -much lower than those in family Φ.
Since society will in general prefer SCFs with as much solidarity as possible
a n da sl e s sr i g i d i t ya sp o s s i b l e ,af u n d a m e n t a lt r a d e - o ﬀ is proved to exist.
5 Voting Schemes
Once we have proved the existence of the trade-oﬀ,w ew i l li n v e s t i g a t ei t
in detail, but unfortunately working with the whole set of eﬃcient SCFs
turns out to be technically very complicated when we depart from the max-
imal and minimal sets of solidarity and rigidity. From now on, we shall
restrict attention to Voting Schemes belonging to the class of GCWS(n−1),
the reason being that both class Φ and the Median Voter SCF are included
within that class and that this family is proved to be particularly interesting.
Only those SCFs contained in GCWS(n − 1) are eﬃcient, anonymous and
strategy-proof -see Moulin [4], Barber` a & Jackson [1]-, so the family is favored
by both strategic properties (strategy-proofness) and other ethical require-
ments (anonymity). The question now is: can we classify all the members
of the class of GCWS(n − 1) by their inherent solidarity-rigidity degrees?.
In other words, can we ﬁnd the voting schemes Π belonging to the family of
GCWS(n − 1) such that SDΠ = k and RDΠ = k holds?. As this subfamily
of voting schemes is only parameterized by the vector of allocations of n−1
phantom voters -α-, the question we are going to answer is simply which
c o n d i t i o nw eh a v et oi m p o s eo nt h ed i s t ribution of phantom voters in order
to SDm(p(R),α) = k and RDm(p(R),α) = k. Since we are dealing with Voting
Schemes, we will simplify notation considering that agents reveal only their
peaks: x = p(R) ∈ [0,M]
n . A vector of peaks will be x =( xS,x −S) ∀S ⊆ N.
Given a Voting Scheme belonging to the class of GCWS(n−1) and given
any phantom voter αi ∈ [0,M], the cumulative number of left phantoms is
the total number of phantom voters located in the same position or strictly
17on the left of αi.:
N(α,αi)=#{j ∈ {1,2,...,n − 1} such that αj ≤ αi}
Notice that ∀α ∈ [0,M]
n−1 , it will always be true that N(α,αi+1) ≥
N(α,αi) ∀i ∈ {1,...,n − 1} and N(α,αn−1)=n − 1 . Similarly, we can
deﬁne the symmetric concept:
Given a Voting Scheme belonging to the class of GCWS(n−1) and given
any phantom voter αi ∈ [0,M], the cumulative number of right phantoms is
the total number of phantom voters located in the same position or strictly
on the right of αi.:
R(α,αi)=#{j ∈ {1,2,...,n − 1} such that αj ≥ αi}.
Our main ﬁnding in this section is the following characterization result:
Theorem 4 Given a Voting Scheme m(x,α) ∈ GCWS(n − 1),S D m(x,α) =
RDm(x,α) − 1= i n f
αi
sup{N(α,αi), (n − 1) − N(α,αi)} .
Proof. We ﬁrst prove5 that SDm(x,α) = RDm(x,α) − 1. To see this, ﬁrst
notice that, since m(x,α) ∈ GCWS(n − 1), for any x ∈ [0,M]
n , when only
one agent changes his preferences -say x0
i 6= xi-, the social choice cannot
jump over anybody’s peaks, so if m(x0
i,x −i,α) <m (x,α), everybody with
peaks to the left of m(x0
i,x −i,α) will be strictly better oﬀ and everybody
with peaks to the right of m(x,α) will be strictly worse oﬀ,w i t hn o b o d yi n
the middle. Moreover, the only way for any agent to change the social choice
to, say to the left, is by changing to preferences with peaks on the left of
the initial social choice, and every individual who can individually change
the social choice necessarily prefers the new choice with his new preferences.
Now, ∀x ∈ [0,M]
n , let us deﬁne the tow numbers:
infQ⊆N #
½
Q ⊆ N | xi ≥ m(x,α) ∀i ∈ Q, x0
i <m (x,α)s . t .
m(x0






Q ⊆ N | xi ≤ m(x,α) ∀i ∈ Q, x0
i >m (x,α)s . t .
m(x0
Q,x −Q,α) >m (x,α)
¾
= Q+(x).
The following holds for every x ∈ [0,M]
n :
Fm(x,α)(x)=
=i n f S⊆N #
½
S ⊆ N | ∃x0 ∈ [0,M]
n such that
m(x0,α) <m (x,α)&m(x0,α)P0
im(x,α) ∀i ∈ S
¾
= k ⇔
5Since this proof takes any Voting Scheme m(x,α) ∈ GCWS(n−1) as given, we denote
the function as m(x,α),m (x)o rj u s tm.
18⇔ Q−(x)+#{i ∈ N | xi ≤ m(x,α)} = k. Furthermore, for Gm(x,α)(x),
we obtain:
Gm(x,α)(x)=
=i n f S⊆N #
½
S ⊆ N | ∃x0 ∈ [0,M]
n such that
m(x0,α) >m (x,α)&m(x0,α)P0
im(x,α) ∀i ∈ S
¾
= k ⇔
⇔ Q+(x)+#{i ∈ N | xi ≥ m(x,α)} = k.
We are proving that RDm(x,α) = SDm(x,α) +1 and we proceed by contra-
diction:
Step 1: Let us suppose that RDm(x,α) >S D m(x,α) +1 . This means that
∃x,x0
i ∈ [0,M]




sup{Fm(x),G m(x)} ∀x ∈ [0,M]
n . Now, two cases can occur:
Case 1: Sm(x,x0
i)=Lm(x,x0
i). Consider the following vector of peaks:
x =( x0
i,x −i) ∈ [0,M]
n . If m(x0
i,x −i) <m (x),G m(x)=Lm(x,x0
i)+1a n di t
is easy to check that Fm(x) ≥ Im(x,x0
i) + 1 also because of the properties
of the members of the family GCWS(n − 1), so we have found a vector
x ∈ [0,M]
n such that sup{Fm(x),G m(x)} >S m(x,x0
i)+1a n dw ea r e
done. If m(x0
i,x −i) >m (x), it happens that Fm(x)=Lm(x,x0
i)+1a n d
Gm(x) ≥ Im(x,x0
i) + 1 and the result holds true in this case as well.
Case 2: Sm(x,x0
i)=Im(x,x0
i). Consider the following vector of peaks:
x = x ∈ [0,M]
n . If m(x0
i,x −i) <m (x),F m(x)=Im(x,x0
i) + 1 and it is
easy to check that Gm(x) ≥ Lm(x,x0
i) + 1 so again we have found a vector
x ∈ [0,M]
n such that sup{Fm(x),G m(x)} >S m(x,x0
i)+1a n dw ea r e
done. If m(x0
i,x −i) >m (x), it occurs that Gm(x)=Im(x,x0
i)+1a n d
Fm(x) ≥ Lm(x,x0
i)+1a n di nCase 2 w ea r ea l s oa b l et oﬁnd that the
assumption in Step 1 cannot be true, so given any m(x,α) ∈ GCWS(n−1),
RDm(x,α) ≤ SDm(x,α) +1 .
Step 2: Let us suppose that RDm(x,α) <S D m(x,α) +1 . This means that
∃x ∈ [0,M]






i)} +1> sup{Fm(x),G m(x)}.
Now, two cases can occur:
Case 1: Let us suppose that Rm(x)=s u p {Fm(x),G m(x)} = Fm(x)
and take any sequence of shifts of peaks such that xj ≥ m(x,α)t ot h el e f t
hand side of m(x,α):x0
j <m (x,α)u n t i lo n em o r ec h a n g es h i f t st h es o c i a l
decision to m(x0











i) ≤ Gm(x) − 1, entering into a contradiction with the
assumption in Step 2.
Case 2: Let us suppose now that Rm(x)=s u p {Fm(x),G m(x)} =
Gm(x) and take any sequence of peaks such that xj ≤ m(x,α)t ot h er i g h t
hand side of m(x,α):x0
j >m (x,α) until the last peak changed shifts the
19choice to m(x0
S∪{i},x−S,α) >m (x,α)a n dm(x0
S,x−S,α)=m(x,α). Now, the





n+1 such that Im(x0
S,x−S,x 0
i)=Gm(x) − 1a n dLm(x0
S,x−S,x 0
i) ≤
Fm(x)−1, so the assumption motivating Step 2 cannot be true and together
Steps 1 and 2 imply the ﬁrst part of the inequality in Theorem 4.
Now, we prove that SDm(x,α) coincide with the last part of the equation
in Theorem 4.









sup{N(α,αi), (n − 1) − N(α,αi)}. We will need some lemmata:
Lemma 1 If m = m(x,α), ∀x,x0
i ∈ [0,M]
n+1 such that #{i | xi ≤ m} +
N(α,m) >nand #{i | xi ≥ m} + R(α,m) >n⇒
⇒ sup{I(x,x0
i),L (x,x0
i)} = n − 1.
Proof. The median can be deﬁned as follows: m(x,α)=m ⇔
⇔ #{i | xi ≤ m} + N(α,m) ≥ n and #{i | xi ≥ m} + R(α,m) ≥ n.
Now, take any x and for all x0
i it will always hold: #{i | xi ≤ m}+N(α,m) ≥
n +1 a n d#{i | xi ≥ m} + R(α,m) ≥ n +1⇔ m = m0.
It is straightforward that if we subtract or add one unit to each side of
the above expressions, we can represent every change in the allocation of any
peak. Furthermore, by deﬁnition of I(x,x0
i)a n dL(x,x0
i) and since m = m0,
we can write:
I(x,x0
i)=#{j ∈ N\{i}|m(x−i,x 0
i,α)Rjm(x,α)} =
=#{j ∈ N\{i}|m0Rjm} =#{j ∈ N\{i}|mRjm} = n − 1, and the
same is true for L(x,x0
i).
Hence, we have: I(x,x0
i)=n − 1a n d L(x,x0




i)} =s u p{n − 1,n − 1} = n − 1.
Lemma 2 First, let us deﬁne two given values to avoid large expressions:


















x ∈ [αh,αt] i ∈ {0,1,...,n − 1},x∈ [αi,αi+1]
20Proof. Let us take an arbitrary x ∈ [0,M]
n ,x 0
i ∈ [0,M] and construct
another from it, deﬁned as follows: y =( y1,y 2,...,yn), such that: ∀i ∈




where m = m(x,α)a n dm0 = m(x,x0
i,α).
Let us call: α =m i n
i
{αi | αi ≥ m,m0} and β =m a x
i
{αi | αi ≤ m,m0}.




(o p e ni n t e r v a l) . W h a t
we have done with the construction is to partition the interval [m,m0]i n t o
n + 1 pieces and, whenever m 6= m0, it holds that ∀i,j ∈ N, yi 6= yj.
Now, let us call m = m(y,α). Notice that the following will hold:
N(α,m)=N(α,m)a n dR(α,m)=R(α,m)( 1 ) . Furthermore, it will be
true that: ∃j ∈ N such that yj = m and: #{i | yi ≤ m}+N(α,m)=n and
#{i | yi ≥ m} + R(α,m)=n (2).
These last expressions mean that the properties that deﬁne the median
hold with equality, and implies: sup{I(y,y0
i,α),L (y,y0
i,α)} ≤ n − 1, ∀y ∈
[0,M]
n , ∀y0
i ∈ [0,M]. Now, two things can happen:
1-#{i | xi ≤ m} + N(α,m) >n and #{i | xi ≥ m} + R(α,m) >n , in
which case, by Lemma 1:s u p {I(x,x0
i),L (x,x0
i)} = n − 1. And:
sup{I(y,y0
i,α),L (y,y0
i,α)} ≤ n−1=s u p{I(x,x0
i),L (x,x0
i)} and this is
true ∀x ∈ [0,M]
n , ∀x0












2-# {i | xi ≤ m} + N(α,m)=n and #{i | xi ≥ m} + R(α,m)=n,
But we know that (1) and (2) hold, so: #{i | xi ≤ m} =#{i | yi ≤ m} and
#{i | xi ≥ m} =#{i | yi ≥ m}, and it is easy to prove that, by Lemma 1:
∀x ∈ [0,M]
n , ∀x0
i ∈ [0,M]w i t h m 6= m0 and ∃j ∈ N such that xj = m ⇒
{I(x,x0
i),L (x,x0
i)} = {#{i | xi ≤ m} − 1, #{i | xi ≥ m} − 1}, and, if ∃αj
such that αj = m with m 6= m0, it is easy to check that:
sup{I(x,x0
i),L (x,x0












i ∈ [0,M], ∀y0















x ∈ [αh,αt] i ∈ {0,1,...,n − 1},x∈ [αi,αi+1]









21Coming back to the main proposition, and recalling that if we have a
ﬁnite and countable set of real numbers K and divide it into m arbitrary
subsets - indexed by i -, called Ki,i fxj ∈ E is a typical element of subset
Kj ⊂ K, it always hold that inf {x ∈ K} =i n f i {inf {xi ∈ Ki}}. But the












h,t ∈ [0,1,...,n],x∈ [αh,αt]












i ∈ {0,1,...,n − 1},x∈ [αi,αi+1]
. Further-
more, as we said above, the last expression coincides with ( for y0s peaks






sup{#{i | xi ≤ m} − 1, #{i | xi ≥ m} − 1} =( ∗)
i ∈ {0,1,...,n − 1},x∈ [αi,αi+1]
By deﬁnition of the median in this interval: #{i | xi ≤ m}+N(α,m)=n
and #{i | xi ≥ m} + R(α,m)=n, and, since we are in an interval with no
phantom voters in it: N(α,m)+R(α,m)=n − 1 ⇒ R(α,m)=n − 1 −
N(α,m), and substituting above (∗), we have:
inf
αi
sup{n − N(α,m) − 1,n − R(α,m) − 1} =
i ∈ {0,1,...,n − 1}
=i n f
αi
sup{n − N(α,m) − 1,n − (n − 1 − N(α,m)) − 1} =




i ∈ {0,1,...,n − 1}
inf
αi
sup{N(α,m), (n − 1) − N(α,m)} =
i ∈ {0,1,...,n − 1}
=i n f
αi
sup{N(α,αi), (n − 1) − N(α,αi)}.
i ∈ {0,1,...,n − 1}
This last step is justiﬁed be-
cause: N(α,m)=N(α,m)=N(α,αi)f o r s o m e i and R(α,m)=R(α,m)=
R(α,αi)f o rs o m ei (1).
The strategy of this proof is not diﬃcult: we have shown that, given any
vector of peaks x in the whole interval [0,M], if any individual change his
peak to any other peak x0
i, the solidarity degree cannot become smaller with
respect to a distribution of peaks inside some pair of contiguous phantoms.
Theorem 4 tells us that the solidarity degree we can expect from a Generalized
Condorcet winner solution can be obtained this way: For any two diﬀerent
phantom voters location, choose the supreme between the cumulative number
22of phantoms at each side of the two extremes and then, take the minimum
of all of them.
It is interesting to remark that Thomson’s solution for the solidarity
degree n − 1- WDUPR- is a particular case of functions such that the
SDf = n − 1 and it is easy to see that the only voting schemes belong-
ing to GCWS(n − 1) -in fact, the only SCFs- such that welfare-domination
under preference-replacement -joint with eﬃciency- hold (SDf = n − 1)
are those characterized by Thomson: The only way to get SDf = n −
1 with the above restriction on the phantom’s distributions is to allocate
all the n − 1 phantom voters on a given point of the interval, which will
ensure that: inf
αi
sup{N(α,αi), (n − 1) − N(α,αi)} = n − 1. with i ∈
{0,1,...,n− 1}. Because there is only one allocation of phantoms, this
expression can be written as: inf
αi
sup{N(α,αi), (n − 1) − N(α,αi)}.




sup{n − 1, 0} = n − 1.
i ∈ {0,1,...,n − 1}
Although Thomson’s family Φ comes out when requiring WDUPR,t h e




when n is odd, since the maximin criterion assumed in the
deﬁnition of the solidarity degree is less restrictive that requiring a SCF be
dominated by any other (i.e., requiring that for all changes in the rule due to
any individual’s change, the number of losers and winners will be the same).
Actually, there are a lot of SCFs such that SDf =
n − 1
2
-i.e., all of those
that allocate the n − 1 phantom voters in diﬀerent places- and, of course,
dominate the Median Voter SCF in terms of solidarity.
Figure 2 shows the exact trade-oﬀ that exists between solidarity mea-
sured by the solidarity degree and the dgree of rigidity of SCFs as measured
by the index n − RDf. The straight line with slope -1 represents all the
feasible decisions that society can choose when we restrict ourselves to SCFs
belonging to the family of GCWS(n − 1). The implicit marginal relation of
substitution between both properties is therefore 1: we can always increase
the solidarity degree by 1 if we are willing to accept a fall in the degree of
ﬂexibility of the SCF of exactly 1. Each point along the straight line con-
sisting in two integers is associated to a subclass of SCFs that can be easily
found by applying the equati o ni nt h es t a t e m e n to fTheorem 4.
[Insert Figure 2 about here]
23Theorem 4 oﬀers a feasibility constraint faced by society in its consti-
tutional stage -when deciding the SCF to use to select alternatives-. But
when the ethical properties society cares about are measurable and society
agrees with the measures used, society may have diﬀerent sensibility about
the degrees of fulﬁllment of the diﬀerent ethical properties. This preferences
deﬁned over partial fulﬁllment of desirable properties of SCFs can be repre-
sented by a social utility function deﬁned on them. Let E b et h er e a ll i n ea n d
C be a class of SCFs under consideration. Given a set of k ≥ 2m e a s u r a b l e
properties Xi : C → E, ∀i ∈ {1,...,k}, we can deﬁne the following:




i=1 Xi → E.
Deﬁnition 18 AS C Ff ∈ C is socially optimal at the constitutional
stage if CW(X1(f),X 2(f),...,Xk(f)) ≥ CW(X1(g),X 2(g),...,Xk(g)) ∀g ∈
C.
We can easily obtain results regarding social optimality at the consti-
tutional stage once we know the nature of the trade-oﬀ between diﬀerent
properties. Applying the general setup to our problem and using Theorem
4, we can easily obtain diﬀerent results that take the trade-oﬀ into account.
Corollary 2 Given C = GCWS(n − 1),k=1 ,2,X 1 = SD(f),X 2 =
RD(f) and CW = SD − RD, every f ∈ GCWS(n − 1) is socially optimal
at the constitutional stage.
Corollary 3 Given C = GCWS(n − 1),k=1 ,2,X 1 = SD(f),X 2 =
RD(f) and either CW = SD(n−RD) or CW =m i n{SD, (n − RD)}, the
Median Voter rule is the only SCF that is socially optimal at the constitutional
stage.
Corollary 4 Given C = GCWS(n − 1),k=1 ,2,X 1 = SD(f),X 2 =





(n − RD) or





, (n − RD)
ª
, if 3
4(n−1) is an integer, the vot-
ing schemes such that
inf
αi
sup{N(α,αi), (n − 1) − N(α,αi)}
i ∈ {0,1,...,n − 1}
= 3
4(n − 1) are the only f ∈ C
that are socially optimal at the constitutional stage.
24For example, society might be endowed with a Consititutional Social
Welfare function generating the indiﬀerence curves depicted in Figure 2 and
the problem is maximizing the function subject to the feasible SCFs involving
diﬀerent degrees of both properties. This approach has been used in the
inequality measures literature and in the Trade-oﬀ theory approach to Social
Choice Theory due to Campbell and Kelly [2]. The above corollaries are
straightforward given Theorem 4.
6 Conclusions
We have investigated in this chapter a direct relaxation of Thomson’s welfare-
domination under preference-replaceme n tp r o p e r t yt h a ta l l o w sf o rt h eu t i l i t y
of a given number of agents to move diﬀerently than that of others when some
agent changes his preferences and aﬀects the social decision. The solidarity
degree associated to a social choice function (SCF) is an index that allows
us to classify diﬀerent SCFs according to the degree of solidarity they ex-
hibit. Thomson’s family Φ will appear when requiring the maximum possible
solidarity degree. We prove that, provided that the number of individuals
is odd and not less than 4, there is a unique SCF that is eﬃcient and is
dominated in terms of solidarity by any other -it has the smallest solidarity
degree possible in every circumstance according to our classiﬁcation-. This
SCF is the median of the agents’ revealed peaks, and it can be considered
a much less rigid SCF than those in family Φ. Moreover, members of class
Φ a r ep r o v e dt ob et h eo n l ye ﬃcient and undominated SCFs in terms of
rigidity among all eﬃcient SCFs. Hence, a basic trade-oﬀ between solidar-
ity and rigidity is pointed out: more solidarity can only be obtained at the
expense of less ﬂexibility of the SCFs. SCFs covering the whole range of
solidarity degrees can be found within a specially interesting class of vot-
ing procedures, that of Generalized Condorcet winner solutions. Therefore,
we concentrate on studying the solidarity behavior of those Voting Schemes
within this restricted context of the GCWS(n − 1) family. A complete de-
scription of such functions is provided in the last section. Theorem 4 gives
us a simple condition that any voting scheme belonging to GCWS(n − 1)
should respect for having a speciﬁc minimum solidarity and rigidity degree.
This condition can be viewed as a ﬁlter that allow us to classify every SCF
of the family according to diﬀerent solidarity degrees -in Thomson’s sense-
and diﬀerent rigidity degrees, obtaining a solidarity-rigidity concepts menu
which may help in the understanding of the fairness of social decision proce-
dures at their constitutional stage. This paper can be also understood as an
application of Campbell and Kelly’s [2] view of Social Choice when diﬀerent
25properties of SCFs can be relaxed and measured.
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